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Abstract

Using well-known theory for fiber optical parametric amplifiers in the no-depletion approximation, a simple con-

dition relating the second- and fourth-order dispersion parameters b2 and b4 is demonstrated which ensures ripple-free,
broadband gain spectra using realistic fiber parameters. Inclusion of pump depletion gives rise to expressions which

enable optimization of fiber length and the maximum achievable ripple-free gain.

� 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Fiber optical parametric amplifiers (FOPAs)

have been intensively studied in recent years due to

their potential use for amplification andwavelength

conversion in multi-terabit/s dense wavelength di-

visionmultiplexing (DWDM) transmission systems

[1–13]. FOPAs have the advantage of being able to

operate in any of the telecom bands (S–C–L) de-

pending upon pump wavelength and the fiber zero-
dispersion wavelength, which, in principle, can be

appropriately tailored.
* Corresponding author. Tel.: +558132718453; fax:

+558132710359.

E-mail address: anderson@df.ufpe.br (A.S.L. Gomes).

0030-4018/$ - see front matter � 2003 Elsevier Science B.V. All righ

doi:10.1016/S0030-4018(03)01624-9
In order to be a practical amplifier in a DWDM

system, the FOPA should exhibit high gain, large
bandwidth and should be spectrally flat, among

other requirements. Researchers have recently

demonstrated a broadband FOPA with 49 dB gain

using a multi-segment fiber design [2], and a very

broadband (200 nm, considering both the signal

and idler bands) Raman-assisted FOPA [6]. Both

suffered from severely non-flat gain spectra, as do

most FOPAs. In order to flatten the gain without
the use of filters, researchers have recently inves-

tigated both multi-segment [4,13,14] and dual-

pump designs [3,5,11,15,16].

In this paper, we revisit the simple single-pump,

single-fiber optical parametric amplifier previously

studied by several authors [1,7,17–20]. In particu-

lar, we further exploit the work of Marhic et al.,
ts reserved.
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where it was shown theoretically that gain spectra

can be flattened and total bandwidth can be

broadened by taking into account the fiber second-

and fourth-order dispersion parameters b2 and b4
[1]. Here we concentrate our attention on the

conditions required for obtaining a very flat, rip-
ple-free gain band, thus ensuring gain uniformity

over a large portion of the parametric gain spec-

trum. Design rules for achieving such broadband,

flat parametric gain spectra are presented which

are valid for any realistic set of fiber parameters,

allowing the design of single-pump, single-fiber

FOPAs with 3-dB bandwidths of over 40 nm

(single-sided) and gain greater than 50 dB, which is
ripple-free across �30% of the total spectrum

without the use of any gain flattening devices. The

key to obtaining these results is the proper ex-

ploitation of the fiber second- and fourth-order

dispersion parameters b2 and b4, respectively. Af-
ter completion of this work, the article of [15] came

to our attention, where some of their results agree

entirely with some of the results found indepen-
dently and reported here.
2. Theory

In the no-depletion approximation the para-

metric amplification is described by the signal

power gain [1,18,21]

GsðLÞ ¼
PsðLÞ
Psð0Þ

¼ 1þ cPp
g
sinhðgLÞ

� �2
; ð1Þ

where Pp and Ps are the pump and signal powers in
the fiber, c is the fiber nonlinear coefficient

(c ¼ 2pn2=kAeff ), L is the fiber length and g is the
parametric gain parameter given by [1,21]

g2 ¼ ðcPpÞ2 � j2=4 ¼ �DbðDb=4þ cPpÞ; ð2Þ
where j ¼ Db þ 2cPp and Db ¼ bðxsÞ þ bðxiÞ�
2bðxpÞ. Expanding the terms bðxsÞ and bðxiÞ
around xp and retaining terms up to fourth-order

yields

Db ¼ b2X
2 þ b4

12
X4; ð3Þ

where X ¼ xs � xp is the frequency detuning of
the signal from the pump and bm ¼ dmb=dxmjx¼xp

.

Note that the odd terms drop out of Eq. (3) since

xi � xp ¼ �ðxs � xpÞ.
In order to have maximum parametric gain, the

nonlinear phase mismatch j should be equal to
zero, i.e., the interaction should be phasematched.
To illustrate this we show in Figs. 1(a) and (b) the

behavior of the nonlinear phase mismatch and the

corresponding fiber gain as a function of the signal

detuning for a pump at 1550 nm. Note that we

have shown only one side of the curves, which are

approximately symmetric about the pump wave-

length. To obtain these figures, we used

cPp ¼ 15 km�1, which could be easily achieved
with a CW pump in a highly nonlinear fiber,

L ¼ 0:20 km, b4 ¼ 2:5� 10�4 ps4 km�1, an exper-

imental value found in the literature [1,21], and we

varied b2 from )0.030 to )0.065 ps2=km, typical
values which one would obtain when pumping

very near the zero-dispersion wavelength k0. For
b2 ¼ �0:030 ps2=km the interaction is never

phasematched, however the gain spectrum has a
maximum at the minimum of j. On the other
hand, when b2 ¼ �0:065 ps2=km, the interaction is
phasematched for two different signal detunings,

which leads to two peaks of maximum gain on

each side of the gain spectrum. The depression in

the gain spectrum between the two peaks is due to

the non-zero phase mismatch in this region. Fi-

nally, when the minimum of j coincides with j ¼ 0
(which occurs for b2 ¼ �0:050 ps2=km in this ex-

ample), we have a condition of minimum sensi-

tivity to phase mismatch, and the corresponding

gain spectrum exhibits a broadened, flattened

band [15].

It is thus possible to find a relationship between

b2 and b4, which results in a broadband, flat gain
spectrum by requiring the minimum of j (occur-
ring at X2 ¼ �6b2=b4) to coincide with the

phasematch condition j ¼ 0. The resulting rela-
tionship, which is presented here for the first time

in a simple form, is

b2 ¼ � 2

3
cPpb4

� �1=2
: ð4Þ

This relation shows the usual requirement of

b2 < 0 for broadband FOPAs, while also requiring
b4 to be positive [1]. The b4 is assumed to be ap-
proximately constant over a large range of signal



Fig. 1. Nonlinear phase mismatch (a) and gain spectra (b) obtained using b4 ¼ 2:5� 10�4 ps4 km�1, with a fixed fiber nonlinearity

cPp ¼ 15 km�1 and a fiber length L ¼ 0:20 km.
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wavelengths near k0, while b2 depends on the dis-
persion slope of the fiber and the detuning of the

pump wavelength from k0. Given the dispersion
values for wavelengths near k0, it is not difficult to
determine the b4 of the fiber [6,21]. Subsequently,
Eq. (4) yields the b2 and thus the pump wavelength
required to achieve a flat gain spectrum for a given

fiber.
Fig. 2. Flat gain spectra obtained using values of b2 given by
Eq. (4) while varying b4 from 1:0� 10�4 ps4 km�1 to 5:0�
10�3 ps4 km�1, with a fixed fiber nonlinearity cPp ¼ 15 km�1

and a fiber length L ¼ 0:20 km.
3. Results of numerical simulations

In what follows, we demonstrate how the use of

Eq. (4) results in flat, broadband gain spectra for

any realistic set of experimental FOPA parame-

ters. In all the figures which follow, we have con-

strained b2 to the value given by Eq. (4) for the
parameters used. While exhibiting behavior gen-

erally identical to gain calculations which neglect

b4, the important feature is that the spectra remain
flat, indicating the generality of Eq. (4). Note that

in Figs. 2–5 we show only the long-wavelength side

of the total gain spectra for a pump wavelength of

1550 nm. In Fig. 2 we show several flat gain

spectra which one obtains by varying b4 from
1:0� 10�4 ps4 km�1 to 5:0� 10�3 ps4 km�1, while

fixing cPp ¼ 15 km�1 and L ¼ 0:20 km. We see that
bandwidth increases significantly as b4 is reduced,
as expected since jb2j is simultaneously reduced,
while spectral flatness is continually preserved over

a large range of signal wavelengths.
In Fig. 3, we vary cPp from 2 to 20 km
�1, while

fixing the fiber length at L ¼ 0:20 km and

b4 ¼ 2:5� 10�4 ps4 km�1. Again flatness is pre-

served, while the total gain bandwidth and the

maximum gain increase as cPp increases, as ex-
pected. The 3-dB bandwidth remains approxi-

mately constant (�40 nm) for cPp values which
leads to useful, i.e., >10 dB, gain spectra.
In Fig. 4 the fiber length is changed while

maintaining b4 ¼ 2:5� 10�4 ps4 km�1 and cPp ¼
15 km�1. We clearly see that the maximum flat



Fig. 3. Flat gain spectra obtained using values of b2 given by
Eq. (4) by varying cPp, while fixing b4 ¼ 2:5� 10�4 ps4 km�1

and L ¼ 0:20 km.

Fig. 4. Flat gain spectra obtained using values of b2 given by
Eq. (4) for various fiber lengths. Here b4 ¼ 2:5� 10�4 ps4 km�1

and cPp ¼ 15 km�1.

Fig. 5. Gain spectra calculated using analytical solutions of the

coupled mode equations while varying the fiber length. Maxi-

mum depletion of the pump (at the central frequency) occurs

for L 	 0:46 km. Here, b2 ¼ �0:050 ps2=km; b4 ¼ 2:5�
10�4 ps4=km; c ¼ 15 W�1 km�1; Pp0 ¼ 1 W and Ps0 ¼ 5 lW.
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gain increases approximately linearly with L, as
expected. The total gain bandwidth remains al-

most constant, whereas the 3-dB gain bandwidth

diminishes slightly for long fiber lengths.
In Fig. 4 we see up to 60 dB gain for L ¼ 0:5

km. Experimental values of �50 dB have already
been demonstrated [2,7] and very recently, 60 dB

gain has been experimentally demonstrated [22].

Note from Eq. (1) that the no-depletion approxi-

mation leads to unlimited growth of the gain as a

function of the FOPA parameters, for example,

the fiber length. Also, in this approximation the
gain spectrum is independent of the input signal

power. In practice, however, pump depletion and

signal levels limit the maximum gain achievable

[7,23], so these must be included if we want a re-

alistic FOPA design.

Pump depletion is governed by the coupled
equations, Eq. (5), that describe the evolution of

the pump, signal, and idler along the fiber [7,17–19]

dPp
dz

¼ �4c P 2pPsPi
� �1=2

sin h;

dPs
dz

¼ 2c P 2pPsPi
� �1=2

sin h;

dPi
dz

¼ 2c P 2pPsPi
� �1=2

sin h;

dh
dz

¼ Db þ c 2Pp

�
� Ps � Pi þ P 2pPi=Ps

� �1=2�

þ P 2pPs=Pi
� �1=2

� 4 PsPið Þ1=2
�
cos h

�
;

ð5Þ

Pp; Ps, and Pi are the pump, signal and idler

powers in the fiber and h is a relative phase factor
between the fields, defined as hðzÞ ¼ Dbzþ /sðzÞþ
/iðzÞ � 2/pðzÞ, where /s;/i and /p are the phases
of the respective fields. The set of Eqs. (5) can

be analytically solved for the case where fiber loss

is neglected [19,24,25] as briefly explained in

Appendix A.

In Fig. 5 we show the evolution of the gain

spectrum obtained using these equations as the
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fiber length increases while keeping b2 and b4
linked by Eq. (4). The depression in the gain oc-

curring for longer fiber lengths results from back

conversion related to the nonlinear phase mis-

match in the strong depletion regime, which not

only depends on pump power but also on signal
and idler powers and distance along the fiber z,
and is given by jðzÞ ¼ Db þ cð2PpðzÞ � PsðzÞ�
PiðzÞÞ [7,19]. In Fig. 5 there is clearly a limit to the
maximum gain that can be obtained at the central

wavelength corresponding to the detuning X2 ¼
�6b2=b4 which is related to the maximum pump

depletion possible. In fact, as can be seen in Eq.

(5), pump is converted in signal and idler power
while h is positive. If h is negative, signal and idler
are converted back to pump power. It can be

shown [19], that the pump power oscillates peri-

odically along the fiber. An approximate expres-

sion for the fiber length that gives the maximum

pump depletion is obtained in Appendix A:

Lopt 	
1

2cP0
ln
16P0
3Ps0

: ð6Þ

Here, P0 is the total power which can also be
written as P0 ¼ Pp0 þ Ps0, where Pp0 and Ps0 are the
input pump and signal powers in the fiber, re-

spectively. For the conditions of Fig. 5, this results

in Lopt ¼ 0:46 km. However, when using this opti-
mum fiber length and the condition of flat gain

obtained in the no-depletion approximation, Eq.

(4), there appears a slight ripple in the spectrum for

Lopt, as can be seen in Fig. 5. This happens because
the nonlinear phase mismatch j, used to derive Eq.
(4), is no longer given by j ¼ Db þ 2cPP0 as this is
valid only in the no-depletion approximation.

Clearly, the condition of flatness given by (4) is no

longer valid and has to be modified. We have ob-

served, after several simulations, that the ripple

occurring using (4) and (6) depends on Ps0=Pp0. In
this way we were able to obtain an empirical cor-
rection for condition (4) which is found to be

b2 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
cPp0b4

r
1

"
� 0:33 Ps0

Pp0

� �1=6#
: ð7Þ

As also shown in Appendix A, the maximum flat

gain obtained using Eqs. (6) and (7) is, to a good

approximation, given by
Gflatmax ðdBÞ 	 10 log
2P0
7Ps0

� �
: ð8Þ

The result is, however, always slightly less than the
result of the analytic solution. More explicitly, for

high values of the ratio Ps0=P0 such as 0.1, the
maximum gain obtained by Eq. (8) is below the

exact value calculated using Eqs. (6) and (7) and

the analytic solution by 1.5 dB, but for lower,

more realistic ratios, say 10�4–10�6, the value gi-

ven by Eq. (8) is only 0.5 dB below the exact value,

which is a small error since the gains for this power
ratio are above 30 dB.

The optimum length and the resulting maxi-

mum flat gain are key parameters of flat FOPAs.

Eqs. (6) and (8) relate these design parameters with

the input pump and signal powers in the fiber and

the fiber nonlinear coefficient c. We can also see in
Fig. 5 that a trade-off exists between spectral flat-

ness and gain bandwidth. Increasing the fiber
length slightly beyond the optimum value for

flatness, i.e., to L ¼ 0:50 km here, results in a sig-

nificantly larger 3-dB bandwidth with a minimal

increase in gain ripple, which may be an acceptable

trade-off in a given system.
4. Conclusions

In this paper, we have demonstrated that the

proper exploitation of the dispersion parameters

b2 and b4 can result in ripple-free, broadband
parametric gain spectra with 50 dB or more of gain

and more than 40 nm of single-sided bandwidth.

We have developed design rules for obtaining such

gain spectra which are valid for any combination
of realistic experimental parameters, supported by

numerical simulations and analytical analysis.

Important avenues for future work are the exper-

imental demonstration of the predicted flat gain

spectra, and the inclusion in the model of condi-

tions to be found in a real DWDM system. Such

conditions are the finite bandwidth of the pump,

the effects of several simultaneous signal channels,
sensitivity to polarization mode dispersion (PMD)

and the degradation of amplifier performance due

to random variations of parameter values along

the length of the fiber [26].
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Appendix A

In this section we explain the steps used to ob-

tain Eq. (6). The coupled set of Eq. (5) can be
solved analytically [19,24,25]. To accomplish this

we first recognize the invariants [19]:

P0 ¼ PpðzÞ þ PsðzÞ þ PiðzÞ ¼ Pp0 þ Ps0; ðA:1Þ

a ¼ PsðzÞ � PiðzÞ
P0

¼ Ps0
P0

; ðA:2Þ

H ¼ 1

P 20
4PP ðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PsðzÞPiðzÞ

p
cos hðzÞ

�

� Db
cP0

�
� 1
�
PpðzÞP0 �

3

2
P 2p ðzÞ

�
; ðA:3Þ

where P0 is the total power in the fiber. Also the
initial idler power is Pið0Þ ¼ Pi0 ¼ 0.
Using these invariants in the first of the coupled

equations (5) we obtain

dg
dn

¼ 

ffiffiffiffiffiffiffiffiffi
f ðgÞ

p
; ðA:4Þ

where g ¼ PpðzÞ=P0 and n ¼ cP0z are the normal-
ized pump power and the normalized distance and

f ðgÞ ¼ 4g2½ð1� g2Þ � a2�

� H
�

þ Db
cP0

�
� 1
�

g þ 3
2
g2
�

ðA:5Þ

is a polynomial of fourth-order in g. It can be shown
that Eq. (A.4) can be integrated so that the nor-

malized pump power along the fiber is given by [24]

gðnÞ ¼
g2 � g0g1sn

2 n�z0
zc

jk
� �

1� sn2 n�z0
zc

jk
� � ; ðA:6Þ

where g1, g2, g3 and g4 are the roots of the fourth-
order polynomial (A.5) in ascending order. The
function snðujmÞ is the Jacobian elliptic function
[27] and

g0 ¼
g3 � g2
g3 � g1

; ðA:7Þ

k2 ¼ g3 � g2
g3 � g1

g4 � g1
g4 � g2

; ðA:8Þ

zc ¼
2

7
4
ðg3 � g1Þðg4 � g2Þ

� �1=2 ; ðA:9Þ

z0 ¼ zcF sin�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pp0 � P0g2

gðPp0 � P0g1Þ

s !
; k

 !
ðA:10Þ

where F ðu;mÞ is the elliptic integral of first kind
associated with the complete elliptic integral KðmÞ
[27].

The function snðujmÞ is periodic with period of
4KðmÞ so that the normalized pump power has a
spatial period np ¼ zc2KðkÞ. Therefore the nor-
malized pump experiences maximum depletion for

half of this period, which occurs when the phase

h ¼ 0 as discussed before. This defines our opti-
mum fiber length

zopt ¼
zc
cP0

KðkÞ: ðA:11Þ

Eq. (A.11) can be further simplified if we evaluate

the invariants (at z ¼ 0Þ for the central frequency,
defined to be the frequency where the minimum of

j occurs. As we have already shown this frequency
corresponds to a detuning X2 ¼ �6b2=b4. Setting
jmin ¼ 0 at this frequency (flat spectrum condi-

tion), we have Db ¼ �2cPp0 so that:

Db
cP0

	 Db
cPp0

¼ �2; ðA:12Þ

H 	 3
2
; ðA:13Þ

a ¼ Ps0
P0

: ðA:14Þ

We note here that the use of the flat spectrum

condition in the no-depletion regime is valid since

we are evaluating the invariant at the fiber input

where depletion certainly does not occur.
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Using Eqs. (A.12)–(A.14) we can find the roots

of Eq. (A.5) for the central frequency. The roots

will depend only on a. The quantities zc and k2 can
then be expanded in terms of a (since generally
a 
 1, or in other words the input signal power is

very small compared with the total power). The
Taylor expansions of these quantities read:

zc 	 1; ðA:15Þ

k2 	 1� 3a: ðA:16Þ
Now we use the asymptotic form of KðkÞ for k
approaching unity [27]

KðkÞ 	 1
2
ln

16

1� k2
	 1
2
ln
16

3a
: ðA:17Þ

In this way Lopt is given by

Lopt ¼ zopt 	
1

2cP0
ln
16P0
3Ps0

: ðA:18Þ

It is now possible to evaluate the pump power at

the length Lopt. Since at Lopt the sn2ðujmÞ of Eq.
(A.6) is zero, we have

PpðLoptÞ ¼ P0g2 	
3

7
P0; ðA:19Þ

where g2 expanded in a Taylor series reads

g2 	 ð3=7Þ þ ð3=8Þa2.
In this way, the signal power along the fiber,

which is given by

PsðzÞ ¼
P0ð1þ aÞ � PpðzÞ

2
; ðA:20Þ

becomes at Lopt

PsðLoptÞ 	
P0ð1þ aÞ � ð3=7ÞP0

2

¼ P0
2

4

7

�
þ a

�
: ðA:21Þ

It follows that an estimate of the maximum gain at

the central frequency (at LoptÞ is given by

Gmax ¼ 10 log
PsðLoptÞ
Ps0

� �

	 10 log 2

7a

�
þ 1
2

�

	 10 log 2P0
7Ps0

� �
: ðA:22Þ
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